In this paper, thermal response of an orthotropic functionally graded coating-substrate structure with a partially insulated interface crack under heat flux supply is considered. It is assumed that there exists thermal resistance to heat conduction through the crack region. The mixed boundary value problems are reduced to a system of singular integral equations and solved numerically. Higher order asymptotic terms for the singular integral kernels are considered to improve the accuracy and the convergence efficiency of the numerical integrals. Numerical results are presented to show the effects of the orthotropy parameters, thermo-elastic nonhomogeneity parameters, and dimensionless thermal resistance on the temperature distribution and the thermal stress intensity factors (SIFs).
Introduction
The concept of functionally graded materials (FGMs) has been introduced in coating design as an alternative to the conventional coatings. FGMs are quite effective in reducing the residual and thermal stresses and in enhancing the bonding strength due to their continuously varying features of material properties. The development of FGMs in recent years has demonstrated that they have great potential in a wide range of thermal structures in advanced aircraft and aerospace engines, medical devices and computer integrated circuits (Suresh and Mortensen, 1998; Watari et al., 2004; Xu et al., 2008; .
In order to optimize the design of FGM components, many scholars have devoted significant efforts to the study of fracture behavior of FGMs (Delale and Erdogan, 1983; Erdogan, 1995; Chen and Erdogan, 1996; Choi, 1996; Choi et al., 1998; Dag and Erdogan, 2002; Zhou et al., 2004; Ma et al., 2005; Wang et al., 2005; Yao et al., 2007; Yang et al., 2008) . In order to guarantee FGM coatings' reliable applications in high temperature environments, knowledge on the thermal fracture behavior of FGM coatings is required. A number of crack problems in FGMs were solved by considering thermal loading (Noda and Jin, 1993; Erdogan and Wu, 1996; Jin and Batra, 1996; Noda, 1997; Jin and Paulino, 2001; Wang et al., 2002; El-Borgi et al., 2003 Jin and Feng, 2008) . These studies are carried out for isotropic FGMs.
FGMs are seldom isotropic due to the nature of their processing techniques, such as the plasma spray technique (Sampath et al., 1995) and the electron beam physical vapor deposition technique (Kaysser and Ilschner, 1995) . Thus, in the fracture analyses, graded materials are modeled as orthotropic with principal directions parallel and perpendicular to the boundaries. Using the integral transformation technique and the integral equation method, various scholars solved the static Erdogan, 1997, 1999; Dag et al., 2004) and transient (Li et al., 1999; Chen et al., 2002; Feng et al., 2003; Chen and Liu, 2005) crack problems of orthotropic functionally graded media by taking into account only mechanical loading. Using finite elements and the modified crack closure method, Kim and Paulino (2002) investigated mixed-mode fracture of orthotropic functionally graded materials under purely mechanical loading. On the other hand, there are a few analyses for thermo-elastic problems of orthotropic functionally graded materials. Ootao and Tanigawa (2005) analyzed the transient problem of thermoelasticity involving an uncracked orthotropic functionally graded strip. Chen et al. (2004) considered the static crack problem of an orthotropic functionally graded strip under steady-state thermal loading. Chen (2005) obtained thermal static stress intensity factors for an interface crack in a graded orthotropic coating-substrate structure using the singular integral equation method and the element-free Galerkin method. Dag (2006) formulated the equivalent domain integral to investigate the thermal fracture problem of orthotropic functionally graded materials subjected to mode I thermal stresses. Recently, Zhou et al. (2007) These articles on thermal fracture behavior of orthotropic functionally graded materials, however, treated the thermo-elastic problems for graded media with specified temperatures at the boundaries. Further more the crack surfaces were assumed to be insulated. To the author's knowledge, the analysis of an orthotropic functionally graded coating-substrate structure with a partially insulated interface crack subjected to heat flux has not been reported.
In this paper, a partially insulated interface crack problem of an orthotropic functionally graded coating-orthotropic homogeneous substrate structure subjected to heat flux supply is considered. The temperature drop across the crack surfaces is modeled by introducing the thermal resistance concept. Under the assumption that the thermo-elastic effects are negligible, the uncoupled governing equations for the temperature fields and displacement fields are reduced to a system of singular integral equations (ElBorgi et al., 2003 (ElBorgi et al., , 2004 . The asymptotic expansions with higher order terms for the singular integral kernels are considered to improve the accuracy and the convergence efficiency. Numerical results are presented to show the influences of the orthotropy parameters, nonhomogeneity parameters of material properties (i.e. the elastic modulus, the thermal expansion coefficient and the thermal conductivities), and the dimensionless thermal resistance on the temperature distribution and the thermal stress intensity factors (SIFs).
Heat conduction
As shown in Fig. 1 , a partially insulated interface crack with its length being 2c exists between the graded orthotropic strip of thickness b and the homogeneous orthotropic strip of thickness a. The composite media is subjected to a steady-state heat flux applied in y-direction away from the crack region.
The thermal conductivities for the graded orthotropic coating are defined as 
Eqs. (3) and (4) represent the applied heat flux (El-Borgi et al., 2003 away from the crack region. Eq. (5) indicates the temperature drop across the crack surfaces is contributed by the thermal resistance R c in the heat conduction through the crack region.
With respect to Eq. (1), Eq. (2) can be written as following dimensionless form:
where
In expressions (8) and (9), following dimensionless variables are defined:
x; y; a; b À Á ¼ ðx; y; a; bÞ=c;
For the graded orthotropic coating and the homogeneous orthotropic substrate, the dimensionless temperature, T 1 x; y ð Þ and T 2 x; y ð Þcan be expressed as
where T 11 ð yÞ and T 21 ð yÞ satisfy following equations and boundary conditions in dimensionless form:
and T 12 x; y ð Þ and T 22 x; y ð Þ are subjected to following relations: oT 12 x; 0
In Eq. (19), the quantity Bi ¼ c k It is easy to find from Eqs. (13)- (15) that
By using Fourier transform in x, the solutions of Eqs. (16) and (17) are obtained
where A j ðxÞ and B j ðxÞ ðj ¼ 1; 2Þ are unknown functions, n 1 ; n 2 and k 1 ; k 2 are the roots of the following characteristic polynomials, respectively:
Following density function is introduced:
The single-value condition is
Considering the conditions (18) and (20), the unknown functions A j ðxÞ and B j ðxÞ ðj ¼ 1; 2Þ can be expressed by uð xÞ as
where Q ðxÞ is given in Appendix A.
Considering the remaining boundary condition (19), we obtain following integral equation in which the unknown function is uð xÞ: 
where sign(Á) is the signum function and i ¼ ffiffiffiffiffiffiffi À1 p , following Cauchy-type singular integral equation can be obtained:
where h x; s ð Þ¼
where A 0 is an integration cut-off point. The first integral in the right-hand side of Eq. (32) can be computed numerically using Gauss-Quadrature technique and the second integral becomes negligible for sufficiently large value of A 0 (Dag, 2001 ). The third integral in the right-hand side of Eq. (32) is evaluated in closed form, the formulae used to evaluate this integral are given in Appendix B. Eq. (31) can be solved numerically (Erdogan and Wu, 1996) , its solution can be expressed as
where T n are Chebyshev polynomials of the first kind. A system of linear algebraic equations can be obtained by using Gauss-Chebyshev formula
Displacement field
We now analyze the thermal stress of the composite media, plane stress state is considered. The stresses in dimensionless form can be expressed as follows: where subscripts and superscripts j ¼ 1; 2 correspond to the graded orthotropic coating and the homogeneous orthotropic substrate, respectively.
The elastic stiffness coefficients and the coefficients of the linear thermal expansion in dimensionless form are modeled to take the following forms: (38), (40) and (41) into the equilibrium equations
the displacement equations of equilibrium for the graded orthotropic coating and the homogeneous orthotropic substrate are written as
The mechanical boundary conditions are
By using the standard Fourier transforms to Eq. (44), following results for the displacement fields for the graded orthotropic coating are obtained: 
. ð58Þ
Substituting Eqs. (21), (22), (52) and (56) 
which satisfy the following single-value conditions:
Considering the mechanical boundary conditions (48)-(51), C j ðj ¼ 1; . . . ; 8Þ can be expressed in terms of the density functions u 1 ð xÞ; u 2 ð xÞ as following form:
where D is the determinant of matrix of the system of linear algebraic equations which is given in Appendix A, and D ij ði; j ¼ 1; . . . ; 8Þ is the sub-determinant of the same matrix corresponding to the elimination of the ith row and jth column. F 1 ; F 2 are given by
Applying the boundary conditions (46) and (47), we obtain the following integral equations:
The kernels of Eq. (66) 
The domain parts of the kernels can be separated by taking the asymptotic analysis of K ij ðx; 0Þ. As x approaches infinity, following asymptotic expressions of Kðx; 0Þ can be obtained: 
where the superscript (1) represents the asymptotic expansion as
ði; j ¼ 1; 2; m ¼ 0; 1; 2; . . . ; 9Þ are lengthy functions of thermo-elastic parameters, and they are not reproduced here. In the numerical process, these parameters are constants, it is very easy to give the values of a ðmÞ ij . We note that the leading terms a Extracting the singular terms by using Eq. (70), and considering the formula (30), Eq. (66) are rearranged as the following singular integral equations:
where the functions H ij ði; j ¼ 1; 2Þ are the Fredholm kernels and are given as follows:
ij signðs À xÞ; ði ¼ jÞ ð 72Þ
where signðÁÞ is signum function, c 0 ¼ 0:57721566490 is the Euler's constant, A ij ði; j ¼ 1; 2Þ are integration cut-off points, which are arbitrary positive real numbers can be determined appropriately in the numerical process. The first integrals in the right-hand side of Eqs. (72) and (73) can be computed numerically using GaussQuadrature technique. The second integrals in the right-hand sides of Eqs. (72) and (73) become negligible for sufficiently large values of A ij ði; j ¼ 1; 2Þ (Dag, 2001) . The third integrals in the right-hand sides of Eqs. (72) and (73) are evaluated in closed form, the formulae used to evaluate these integrals are given in Appendix B. Similar to the temperature problem, the solution of Eq. (71) 
The stress intensity factors at the crack tips are defined as
4. Numerical results and discussion
Temperature field
The numerical results of the temperature distribution along the crack surfaces and the extended line are analyzed.
To verify the validity of present procedure, firstly let us restrict our attention to the dimensionless thermal resistance Bi in case of Bi ! 0 when a ! 1 and k 10 ¼ 1. This thermal response problem with a fully insulated interface crack between a graded isotropic coating of finite thickness and a semi-infinite homogeneous isotropic substrate was investigated by El-Borgi et al. (2003) . From Fig. 2 , it is observed that the present results are nearly coincident with those of El-Borgi et al. The differences between two groups of results are associated with a choice of different numerical integration technique and different number of collocation points. . R c increases.
Figs. 5 and 6 illustrate the effects of the thermal conductivity parameter d on the temperature distribution T 1 x; 0 þ À Á =T 0 and . along the insulated crack surfaces and the extended line in a graded isotropic of finite thickness and a semi-infinite homogeneous isotropic substrate structure, b=c ¼ 1; d=c ¼ À1
Figs. 5 and 6, it may be obtained that the temperature jump across the crack surfaces decreases as increasing the absolute values of d. It may be obtained that the variation of the thickness of the graded coating has an insignificant effect on temperature jump across the crack surfaces when keeping the total thickness of the coating-substrate structural constant.
Stress intensity factors
The orthotropy and nonhomogeneity parameters adopted for the numerical calculations of normalized stress intensity factors (SIFs) are shown in Table 1 (Ootao and Tanigawa, 2005) . In Table  1 , d is a nonhomogeneous parameter of the thermal conductivity, c is a nonhomogeneous parameter of the coefficient of the linear thermal expansion, and b is a nonhomogeneous parameter of the elastic stiffness constant, respectively. E 
and the thermal conductivity parameter d and k 10 (Case 3) on the mode I and II normalized thermal stress intensity factors (SIFs) 
. . R c decreases.
Figs. 8 and 9 illustrate the effects of the stiffness parameter b
and E
xx (Case 1), on the mode I and II normalized thermal stress 
xx on the normalized mode I thermal stress intensity factor (Case 1). intensity factors (SIFs) The results obtained in Fig. 9 show that the absolute values of mode II thermal SIF increase with the increasing of the stiffness parameter b when E Figs. 12 and 13 illustrate the effects of the thermal conductivity parameter d and k 10 (Case 3) on the mode I and II normalized thermal stress intensity factors (SIFs) Fig. 13 show that the absolute values of mode II thermal SIF increase with the increasing of the conductivity parameter d when k 10 ¼ 0:5 < 1; while decrease with the increasing of the conductivity parameter d when k 10 ¼ 2 > 1.
Conclusions
In this paper, the thermal response problem of a graded orthotropic coating bonded to a homogeneous orthotropic substrate with a partially insulated interface crack under the heat flux supply is considered. The thermal resistance concept is introduced to depict the temperature drop across the crack surfaces. Using the standard Fourier transforms the uncoupled heat conduction equation and the plane elasticity equations are reduced to a system of singular integral equations. The asymptotic expressions with higher order terms for the singular integral kernels are considered to improve the convergence efficiency and the accuracy of the numerical calculations. The singular integral equations are solved numerically. A detailed parametric study is conducted to investigate the influences of the orthotropy parameters, nonhomogeneity parameters of the material thermo-elastic properties, and the dimensionless thermal resistance on the temperature distribution and the thermal stress intensity factors (SIFs).
Numerical results indicate the temperature jump across the crack surfaces becomes more pronounced as the dimensionless thermal resistance Bi decreases, i.e. the crack region thermal resistance R c increases. The amplitudes of both modes I and II SIFs increase as Bi decreases and tend to zero. Hence, it is a conservative approach to assume that the crack is fully insulated. The influences of the material nonhomogeneity parameters and orthotropy parameters on the temperature distribution and the thermal SIFs can be quite significant, the crack growth and the thermal fracture behavior in the graded orthotropic media can be optimized by adjusting the gradation profiles of the material properties. 
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Appendix B. Some useful integrals
To evaluate the third integrals in closed form (Dag, 2001) in the right-hand side of Eqs. (32), (72) and (73) 
